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Abstract. The exact propagator beyond and at caustics for a pair of coupled and driven
oscillators with different frequencies and masses is calculated using the path-integral
approach. The exact wavefunctions and energies are also presented. Finally the propagator
is re-calculated through an alternative method, using the {-function.

1. Introduction

Recently some interest has been shown in the quantization of the coupled and driven
harmonic oscillator {1-3]. In fact this potential can describe situations in many areas
of physics such as superconducting quantum-interference devices [4], quantum non-
demolition measurements [5] and magnetohydrodynamics [6].

The purpose of the present paper is te discuss the problem of two harmonic
oscillators with different frequencies and masses, which are coupled through an
arbitrary strength parameter. As far as we know, until now this problem has been
considered only in the case of equal frequencies and masses [ 1-3], and for a particular
strength of the coupling parameter [2].

This paper is organized as follow: in section 2 we calculate the propagator beyond
and at caustics; in section 3 we obtain the normalized wavefunctions and energy
spectrum; in section 4 we compare our results with previous ones by studying a
particular case; in section 5 the propagator is calculated by an alternative method
using the {-function approach. In section 6 we make our final considerations.

2. Propagator beyond and at caustics

The Lagrangian that will be treated here is written as

L= % (mj/z)[xf_wf"f‘*‘z(ﬁ(r)/mj)xj]_kxlxz {1)

=12
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which represents a pair of coupled and driven anisotropic harmonic oscillators. In this
section we will use Feynman’s approach to quantization. The propagator is written as

r

K{x" x';7)= I Bx, 9x; exp [(i/ h) J deL{¥, x):I (2)

where x={x,, x,} and @x, Px, is the functional measure.

In order to quantize the above potential we will make some coordinate transforma-
tions so that we map the Lagrangian (1) into that of a pair of free particles. The
decoupling transformation is given by

(m/m)"?cos¢ (m/m,)"*sin ¢|]y,
—(m/my)'*sing (m/m;)'"*cos @] |y,

where m is an arbitrary parameter with dimension of mass. This leads us to the new
Lagrangian

X1

(3)

X

L'=(m/2)(y1+¥3) —ayi=Byi— vyt Fiyi+ Fuoy; (4)
where

a =(mwi/2) cos® ¢ + (mw3/2) sin® ¢ — (Am/2vV'm,m,) sin(2¢) (5a)

B =(mwi/2)sin® ¢ +(mw3/2) cos® ¢ +(Am/2V/m;m;) sin(2¢) (5b)

y=(m/2)(w]— w3) sin(2¢) +(Am/vVmm;) cos(2¢) (5¢)
and

Fy=vm/[m, f, cos ¢ ~Vm/m, f,sin ¢ (5d)

F,=+m/m, f, sin ¢ +vVm/m, f, cos ¢. (5e)

Also, the path-integral measures changes (@x,@x, = J%v,2y,) through a Jacobian that
is given by: J =+ m,m,/m. In order to eliminate the coupling between y coordinates,
we impose the condition y =0, and so

tan(26) = (2A/Vmymy{w] — wl)). (6)

Solving this to obtain the decoupling angle ¢, we find two solutions which are equivalent
and only interchange the role of the new coordinates y, and y,, so that no physical
difference appears between them. One of the solutions is

cos ¢ =[(1+ R)/21"? (7a)

with
/ 2_ 2
= mlml(wz wl) . (7b)
J4A2+m|m2(w§—wf)2

With this solution we calculate «, 8, F, and F,, to obtain the Lagrangian

L=(m/2) ¥ [yi-Qiyi+(2/m)Fy] (8)

i=1,2

where

07 =(1/[ i+ wi—[(0]~ i)’ +4A7/ mm,]'/*] (9a)

Q3 =(1/D[wi+ i+ (o] -w)) +427/ mm,]"’] (98)
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and
Fi=vm/[2m, f,(1+ R)'>—Vm[2Zm, f,(1- R}'/? (9¢)
Fy=vm/2m, f;(1 - R)"*+Vm/2m, f,(1+ R)">. (94)

At this point we have reduced the problem to that of two driven harmonic oscillators.
We can, therefare, use the expression for the propagator for this system as given in
Feynman and Hibbs [7]. For later convenience, we set f(t")=f" and f(¢') = f, for any
function f(t), where t' and ¢” are the initial and final instants. Furthermore, we remember
that the total propagator is written as

Ky, y's 1) = mmy/ m)K\(y1, yi; 1) Ka(y5, y5; 7). (10)
The desired propagator is obtained by returning to the original coordinates

(m/m)?cos¢d —(my/m)*sin
(m/m)?sing  (my/m)"*cos ¢

¥
Y2

_ Xy

(11

+(1/Vm) '"‘ :
7

2

X2
Using the expressions for the propagator of a driven oscillator [ 7], substituting this in
(10), and after lengthy but straightforward calculations, we can compute the propagator
q1/2

K, ) = (1) 2hi) | il
Y Lsin(ﬂlr sin(QZT)J

x exp{—(i/2#)[7:,(n, + 2vVm; Cx, — 2¥m; 5x,)1%}

in ” ”
X EXp {m [cos((, 7)Y (m C2x}*+ m,S2x 2>

—2Vmymy SCXi x5+ 2+ 2vm, Cnixi —2vm, Snlx}
+(xt, X3, n{) > (x}, x3, 71)) —2m, C?x{x]

+ 2V mm, SCxxt —2vm, Cnix,+2vVm,m, SCxix!
—2m, 87 x5x5+ 2V my Snixl—2m, Cyix!

+2Vm, Snixt-2nin} }

x exp{The above expressions with 1«»2 and § - - S}

x[(fl(A)/\/E)(C+S)+(fz()\)/\/E)(C——S)]} (12)

where we define S=sin ¢, C=cos ¢ and

1

=) 1] 4R @ sin@ (- sin@i(e - 1)

W:(‘)=(

+J déF(£) sin(Q,(1 - 1)) Sin(ﬂs(t”—g))} (13)
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in order to simplify the expression of the propagator. However, as we can easily verify,
this propagator diverges for certain time intervals, so, it is necessary to calculate it
beyond caustics by applying the extended Feynman’s formula [8, 9], obtaining

. me; 12 i -

Kyi,yis 1) = (—Zwiﬁisin G.-l) exp (‘2; [7:(m—2vVm ya)],')
X ex (imd P+yP) 2yi )
pkzﬁsino_il.(yi .yl')cosal' )’:)’.J}

X exp ( - J dAn.-(A)F.-(A)NE)

xexp[—(im/2) Int(o:/ m)] (14)

with o; ={);7, and Int{o;/ 7) stands for the greatest integer which is less than or equal
to o;/ 7. But the above propagator is only valid for time intervals between the successive
caustics when o, = kiw(k; € Z). At caustics it is necessary to use a modified semigroup
property of the propagator in order to calculate it [9]:

Kiy!, yis o= k) = exp(=iker/2)|Ki (57, i /= 1)
+oo
x| Kilyi, yis t=1)| I dy;

x exp{(i/ B)[ Sa(yi, yi; "= 1)+ Saly,, yis £ —1)]} (15)

where S.(-) is the classical action functional. Evaluating the integral in (15) with the
help of equation (14}, we obtain the propagator at caustics

Kiyl, yls o= ki) = exp(—ikym/2) exp{(i/28){n:(n: — 2V'my.)1}}
X exp[—(i/ilﬁ) J-( d?tm(r\)ﬁ(h)/ﬁ]

x 8[sin({i(e — 1))y —sin(€Q: (4" 1))y1]. (16)

Here we observe that the appearance of the Dirac delta function is understood, in
terms of Feynman’s method, from the existence of an infinite number of classical
trajectories at caustics.

As the frequencies (0, and (), (in general) are different then, for a given time
interval, there are many different situations in which we will construct the total
propagator; they are

K(x" x"; r)=(Vmmy/ m)K (o, # k,7m) K {3 7 ky7r) (17a)
K(x", x"; 1y=(Vmymy/ m)K,(o, # k, ) Ks(o,= k) (175)
K(x",x', 7) = (Vmm/ m)K\(o, = k) K (02 # ky7) {17¢)
K(x", x'; vy = (Vmmy/ m)K (o, = k,m) Ko, = ko7r) (17d)

where K;(o;)= K;(x", x'; o;). For each above possibility we can use the propagators
(14) and (16) in order to obtain the total propagator.
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3. Epergy and wavefunctions

In this section we calculate the wavefunctions and the energy spectrum. For this we
will make use of the expansion of the propagator in terms of the wavefunctions

Ki(yl,vi; )= Z_O drn (vi, (¥, 1) (18)

and with help of Mehler’s foermula [10]
exp[—(u?+ v —2uvz)/(1- 2]

— (1~ 22 exp[ (2 + )] T (2"/n") H, () H,(v) (19)
n=Q

with w=(mQt'/ 8}y, v=(mQ"/ 8)?y!, z=exp[—ihQ;r] and n=n, we can
rewrite (12) in the form of (18) and so obtain the wavefunctions

[f,’nlnz(x] s X2, t)
= exp{—i[(n,+1/2)Q; + (ny+1/2)02, ] 1327+ )2
mlmzﬂlﬂz]l“

x(ntn,y~"? [ P
x exp{(1/2#)[—Q:(vVm, Cx, —vVm, Sx,+ 1)’
—0,(Vm, Sxy+vVm, Cxy+ 3,)?
—in[ 1 = 2(Vm; Cx, —v'm; §x,)

—inaln—2(Vm; Sx,+Vm; Cx,)]}

X exp {—(i/Zﬁ) J‘ da{(m/vVm)(£,C —ﬁ5)+(nz/~fﬁ§)(ﬁ5+sz)]}

X Hn,[(ﬂ1/ﬁ)”2(*/7"_l Cx;~vm; Sx;+7,)]
X an[(ﬂz/ﬁ)uz(m Sx; +vm, Cxy+m1)]. (20)

From the above expression it is easy to see that the energy spectrum for the non-driven
case (f,=,,=10) is given by

E, n =+ 1/2) B0+ {0+ 1/2) h8D;. (21)

This energy spectrum shows us that there will exist degeneracies, provided that the
frequencies 0, and £, are related conveniently. In this case we will have E, , =E,,
and so we come to

An,Q,+Anzﬂg=O or Aﬂ|/An2=az/Ql (22)

where An; = n, — n}. As the n;'s are integers, then any time that the rate of the transformed
frequencies is a rational fraction the system will have degeneracies. As the frequencies
), and 0, are functions of all parameters in the Lagrangian we see that, when certain
relations between the parameters hold, the system will be degenerate.
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4. Particular cases

Now we calcuiate the particular case in which the two oscillators have the same mass
and frequency and are non-driven. After this we obtain the case studied by Yeon et
al [2}, in order to verify our calculations in an explicit and known example,

In the particular case we have the Lagrangian

L=m(di+33)/2—mo*(x1+xD/2-Ax,x;. (23)

Substituting the above parameters in the expression for the frequencies (; and (3,
given in equation (9}, we obtain

Ni=w’~A/m l=w’+a/m (24)

and cos ¢ = 1/v2 =sin ¢, that corresponds to a rotation of /4 about the coordinates
origin. In this case the propagator beyond caustics reads

v ) 0,0, 2 ___]_@_1_.._
K(x", x'; 7) = (m/27hi) [Isin(ﬂ,‘r)ﬂsin(ﬂzf)l] P {4;, sin(@2,7)

X [cos(Q, 7)(x}?+ x5%+ x 24 x4 = 2{x x5+ x}x3))

—2(x\xy +x3x5 — x1x3 — xéx'{)]}

im{l, 2 2 2 2
Xexpy————[cos(Q,r)(x{*+ x5+ x)°+ x5+ 2(x x5 + x} x5
p{4ﬁ51n(027)[ {Q,7)(x] 2 1 2 (x7x3 1x3))

—2(xix] + xixd + xixf +x§x{’)]}

xexp{—(im/2)[Int(Q, 7/ 7) + Int(Qyr/ 7)1} (25)
with 1, and ), given in equation (24). The propagator at caustics is written as
K(x", x', 7) =v2 exp[~im(k, + k;}/ 2]

x B8[sin(§),{f— D) {x] — x3) —sin{Q, (" — ))(x] — x3}]

x B[sin{,(t — t'N(x] +x3) —sin(a(t"— £))(x1 + x3)] (26}
and the wavefunctions are

wnlnz(xl » X2, t)

ik
x exp{—(m/4#)[Q,(x, - x2)2+ Q0%+ xz)z]}
X Hn,[(mﬂ1/2ﬁ)”2(x1 - xz)]Hn;[(sz/2ﬁ)U2(xl +x2)). (27)

2 1/4
= exp(—iE"‘rs”zr/ﬁ)z_(nl-‘-n:)/z(nl! nz!)_lflz [m 0102]

Furthermore, in the case treated by Yeon ef al [2], the Lagrangian that corresponds
to their Hamiltonian (2.1) with vanishing driven forces, is given in our case by

L=m(x}+x3)/2 - mo*(x}+ x}) + mw’xx, (28)
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from which we can see that it is equal to our Lagrangian (23) only if we make the
identifications w” > 2w” and A » —mw”. Taking this care we recall the energy spectrum
of the cited paper, because the frequencies (24) become Q2= w? and 2= 307 so

Ep o =[(n+1/2)+V3 (n,+1/2) Jhe (29)
as obtained in equation (6.10) of [2].

5. {-function approach

Up to now our solutions have utilized path-integral methods. Now we will perform
an alternative calculation of the propagator (12}. In this alternative approach use is
made of a [-function to calculate the determinant for a given differential operator.
This is an interesting technique that was recently applied in similar types of problems
[11, 12], and that has been used extensively in quantum field theories [13].

In order to use such an approach we shall do the usual expansion of the trajectory
[7] about the classical configuration

x(1) = x,(1) + (1) (30)
where x,(t) is the classical solution and w(¢) is the quantum fluctuation that obeys
the Dirichlet boundary conditions

7{0)=0=n(7) (31)

with 7 being the time-interval between the initial and final points of the trajectory.
Substituting (31) in the expression (2) and using the classical equations of motion,
we obtain

K(x",x'; 1) = F(7) exp((i/ k) S} (32)

where S, is the classical action. Which can be obtained by using the classical solution
of the harmonic oscillators with frequencies {1, and {2, calculated as above and then
returning to the original coordinates.

Furthermore it is not difficult to see that the pre-exponential factor is written as

T

dl[mlﬁ¥+m27i§_ mlw%"?%_ mzwgﬂzzz "'2)”}1772]} .
(33a)

However it is more convenient to deal with convergent integrals rather than
oscillatory ones. This can be achieved by making a continuation to an imaginary time,
followed by a Wick rotation. So we have

B=it d/dt=id/dB Z=ir

which can be substituted in expression (33a) for the pre-exponential factor. So, after
straightforward calculations we find

F(r}= J. @9, exp {(i/2ﬁ) j

0

F(2)=J' D eXp{—(l/Zﬁ)Idﬁnr(ﬁ)ﬂn(ﬂ)} (335)

with the defined quantities

n 7" =|mmnl (34a)
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and

_|m(-d*/dB*+ ) A

D A ma(~d/dp7+wd)| -

(34b)

Now we can diagonalize the operator D by using the transformation matrices in
(3) (denoted M). For this we make the transformation

n=(h/m)"*Mp (35)
so that

F(Z)=J(h/m) I %p exp [—(1/2) I dﬁpTID'p] (36)

(1]

with

D' =MTDM. {(37)
This diagonalized operator is given by

,_ |—-d¥/dB*+ Q3 0 ‘
o= 0 ~d/dp*+ 0} (38)

where (1] and Q3 are given in equation (9) and the pre-exponential factor is identified
as being proportional to the determinant of the operator D',

F(Z)=vm;m, Cldet D'|™" (39)

C is an arbitrary constant to be determined and is associated with the phase of the
propagator. Considering the determinant of the operator D' as the product of their
eigenvalues, it is easy to see that it diverges. Some regularization must to be done in
order to regularize this quantity. The regularization scheme that we choose here utilizes
the {-function.

The generalized {-function for a given operator is defined as

{s)y=2 A7 (40)
and after necessary analytical continuation [14], it can be shown that [11, 12]

det D' = exp[—(d{/ds)|,=0]- (41)

On the other hand, the eigenvalues of the operator [} are given by

£n, = (@Y + Q3 and e,,= (n,m/2)*+ 03 (42)
50 that we can obtain the determinant from

detD'=[] €, [l &, (43)

m=1 ny=1

and each product can be obtained from a ¢-function calculation. However, for con-
venience, we decompose the eigenvaiue £, (j=1,2), so that

o 0
- -
detD'= [{ €n8a [l entnm,
1

m=1 no=

=detD}|" det D} det D" det D5~ (44a)
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with
eﬁj ={nmm/Z) i} (44b)

and, using the generalized Riemann ¢-function [12], defined as

{rls, a)= S:o {(n+a)”* Re(s)> 1. (45)
0

n=

From equation (44a) we see that we must calculate four determinants. For a given Ep
the generalized {-function is given by

Lin(8) = (m/Z)" §0(n,.ii(z/w)nj)“ﬂinj)“

= (m/Z) Lrn, (s, +i(E/ )R} F(1Q,)° (46)

which has been manipulated in order to use the generalized {-function whose sum
begins in n; =0. Using now the property of the generalized {-function [15]

(ris=0,a)=1/2—a
dir(s, @)/ds|,co=InT(a) - (1/2) In(2} (47)

and after some straightforward calculations we obtain

ey (1/2£iZ0,/ 7)
det D} = ————Y27 (1—7) ’ (48)
T (£ ) \2
which, after the use of the identity,
-
r —x)=———— 4
(X)(=x) x sin(7x) (49)

the substitution of (48) in (44a) and the use of the initial value condition for the
propagator

lim K(x", x; ) = 8(x"— x") (50}

=0

gives the pre-exponential factor

mmoa, ] o

F(r)=Q2mik)™’ [Sin(nlf) sin{{),7)

where we have used that £ =ir. We can see that it is really the correct pre-exponential
factor as calculated above, using the Feynman approach, in equation (12).

6. Conclusions

In this work we have solved, both by a path-integral approach and by a {-function
approach, the quantum mechanical problem of two coupled harmonic oscillators with
different masses and frequencies. So, we have enlarged the list of quantum mechanical
systems that can be exactly solved through these methods. Using Feynman’s method,
we have also calculated the propagator beyond and at caustics,

The wavefunctions in general, and the eigenvalues in the particular case of a
non-driven system, were calculated and compared with previous calculations.
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A remarkable feature is the appearance of degeneracies in the energy spectrum,
provided that certain relations between the potential parameters hold. This suggests
the existence of some hidden symmetry in the system, in analogy with the accidental
degeneracy appearing in a two-dimensional isotropic harmonic oscillator.
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